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Shear Deformable Theories for Cylindrical
Laminates—Equilibrium and Buckling with Applications

George J. Simitses® and John S. Anastasiadist
University of Cincinnati, Cincinnati, Ohio 45221

A higher order theory is developed (kinematic relations, constitutive relations, equilibrium equations, and
boundary conditions), which includes initial geometric imperfections and transverse shear effects for a laminated
cylindrical configuration under the actions of lateral pressure, axial compression, and eccentrically applied
torsion. Equilibrium equations and boundary conditions are presented for the higher order shear deformation
theory. The perturbation technique is employed and buckling equations are derived for symmetric laminates
under the action of uniform axial compression and lateral pressure. Buckling loads are computed for axially
compressed cylindrical laminates of finite length and pressure loaded very long configurations.

1. Introduction

HELL theories and formulations are inherently approx-

imate in nature because they are developed on the basis
of assumptions and hypotheses. Certain of these assumptions
are made in order to reduce a three-dimensional problem to
a ‘two-dimensional one, such as the Kirchhoff-Love hy-
potheses of straight inextensional normals, while others deal
with the degree of nonlinearity needed to evaluate accurately
rotations, changes in curvature, and in-plane shear and ex-
tensional strains in terms of reference surface displacement
components.

It is well accepted that the classical two-dimensional shell
theory, as applied to laminated composite construction, leads
to fairly accurate estimates for laminate behavior (displace-
ments, stresses, strains, buckling loads, vibration frequencies,
etc.) of thin (ratio of total thickness to smallest initial radius
of curvature <<1) laminates. There. are several reasons for
removing some of the classical shell theory assumptions, es-
pecially as applied to fibrous composite construction.

First of all, most of the present-day advanced composites
have a low transverse shear modulus and, therefore, trans-
verse shear deformation plays a much more important role
in the kinematics of composite laminated shells than in me-
tallic ones. Furthermore, in order to achieve the same strength
as metals (with a considerable saving in weight), in some
applications we need to use thicker walls that in turn reduce
the ratio of the smallest initial radius of curvature to total
thickness. This, in many instances, pushes us to the boundary
between thin shells and thick shells.

If we must still use two-dimensional theory (as opposed to
the more complex three-dimensional, nonlinear anisotropic
elasticity theory) for predicting the response of composite
laminated shells, then we must remove the classical assump-
tion of ‘“‘normals remain normal” and account for the shear
deformations in connection with the transverse direction. Thus,
it is important to remove several of the simplifying assump-
tions in the classical two-dimensional shell theory and develop
a higher order theory for analyzing multilayer composite shell
configurations. The main emphasis is on the effect of all these
approximations on the buckling response of laminated shells.

Received Nov. 13, 1990; revision received June 3, 1991; accepted
for publication June 26, 1991. Copyright © 1991 by the American
Institute of Aeronautics and Astronautics, Inc. All rights reserved.

*Professor and Head, Aerospace Engineering and Engineering
Mechanics. Associate Fellow AIAA.

tGraduate Research Assistant, Aerospace Engineering, Georgia
Institute of Technology, Atlanta, Georgia.

826

Efforts to account for the effect of shear deformations or
even normal strains have shown up very recently. Noor and
Burton' review the existing shear deformation theories on
multilayered composite plates. Librescu and Stein? and Reddy*#
report refined nonlinear analyses accounting for transverse
shear deformations, concentrating primarily to flat configu-
rations. Srinivas® performed an analysis of laminated, com-
posite, cylindrical shells with general boundary conditions us-
ing three methods of approaching the problem. In one method,
he considers the effects of transverse shear deformation and
transverse normal stress. Nonlinear analysis of orthotropic,
laminated shells of revolution with transverse shear defor-
mation is presented by Eldridge.® Reddy and Liu 7 developed
a higher order shear deformation theory that corresponds to
a cubic variation in the normal direction for the in-plane dis-
placement components and to a constant (function of in-plane
coordinates only) for the transverse displacement. They in-
cluded a von Karman type of kinematic nonlinearity for the
reference surface extensional strains (lowest order of nonlin-
earity applicable to shallow shell configurations—Donnell type
of approximation), developed equations of motion and finite
element models. In Ref. 7, they present applications to cy-
lindrical and spherical shells by employing the linearized ver-
sion of their equations. Barbero et al.® developed a general
two-dimensional theory for laminated cylindrical shells. They
presented Navier-type solutions of the linear theory for simply
supported boundary conditions, and their theory accounts for
a desired degree of approximation of the displacements through
the thickness. Dennis and Palazotto!® made a finite element
model for orthotropic cylindrical pressure vessels using a higher
order shear deformable theory. Another effort was made by
Khdeir et al.’' who developed a shear deformable theory of
laminated composite shallow shell-type panels. Whitney and
Sun'? have developed a higher order refined laminated plate
theory applicable to fiber reinforced composite materials under
impact loading. The effect of shear deformation on postbuck-
ling behavior of laminated beams was examined by Sheinman
and Adan." Stein'* performed a nonlinear analysis for plates
and shells including the effects of transverse shearing and
normal strains. Zukas'®> and Vinson and Waltz!¢ performed
analyses, accounting for the effect of normal and shear strains
in laminated shells, by using linearized strain-displacement
relations, which are applicable to small deflection shell re-
sponse (small deflection theories).

Moreover, McCarty'” developed a three-dimensional, non-
linear dynamic finite element model for the response of a
thick laminated shell to impact loads. Bert'® analyzed the
small-amplitude free vibrations of thick, circular cylindrical
shells, using shear deformable theory. One more effort is
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reported by Sciuva and Carrera,’® on the stability of mod-
erately thick laminated anisotropic and sandwich panels ac-
counting for the effect of shear. Elishakoff et al.® studied the
dynamic response of transverse shear deformable laminated
shells subjected to random excitation. They checked the re-
sponse of cylindrical circular shells, spherical shells, and cy-
lindrical panels by using a first-order transverse shear defor-
mation theory. Finally, Donnell* developed three equilibrium
equations in terms of three displacements in scalar mathe-
matical form for thick general shells under general loading.

The present work deals with the development of the ki-
nematic relations, equilibrium equations and related bound-
ary conditions, and buckling equations and related boundary
conditions, for a laminated, cylindrical, moderately thick shell,
including initial geometric imperfections and transverse shear
effects. A higher order displacement field in the thickness
direction is employed. Finally, buckling applications are pre-
sented for thick, axially loaded and pressure-loaded, lami-
nated, cylindrical shells with fixed ends.

II. Mathematical Formulation

The cylindrical shell is assumed to be relatively thick, geo-
metrically imperfect and to have a laminated construction that
is generally asymmetric (general stacking of the orthotropic
laminae). The loading includes uniform lateral pressure, axial
compression, and eccentric torsion. The Kirchhoff-Love hy-
potheses do not apply, and three assumptions are made in
this work: 1) the laminae are orthotropic; 2) transverse shear
strains exist; and 3) the material behavior is linearly elastic.

A. Kinematic Relations

1. Higher Order Shear Deformation Theory

The three-dimensional displacement components are u, v,
w in the axial (x), circumferential (y), and radial (along the
thickness) (z) directions, respectively. A general cubic vari-
ation in the z coordinate is assumed for u and v, whereas a
constant in the z coordinate is assumed for w (see Refs. 4, 7,
8, and 14).

u(x, y, 2) = x, y) + z¥,(x,y) + 22(x, y) + 2°{(x, y)
v(x, y, 2) = V(x,y) + z¥,(x, y) + 22{,(x,y) + 22{(x, )
w(x, y, z) = W(x, y) @

where u(x, y), v(x, y), w(x, y) are the reference surface dis-
placements, and ¥,, &, {,, V,, £, {, are some functions of
position on the reference surface (x, y), which appear due to
the expansions of the three-dimensional displacements in the
z-direction. From the engineering nonlinear expressions for
strains, by performing a power series expansion in the z-
direction, and by retaining terms up to second degree, new
expressions for the strains are obtained. For the purposes of
this work, concentration to problems where the rotations {(w,,
+ w% ), (W, + w°, — [W/(R + z)]} are moderately small is
made, according to Ref. 14. Note that w%(x, y) denotes the
initial geometric imperfection of the reference surface and R
the shell radius. Thus, only products containing these terms
are retained and the remaining products are neglected as small
by comparison. Substitutions of the displacement relation into
the strain expressions, application of the above simplifica-
tions, and knowledge of zero shear tractions on the upper
and lower surfaces (equivalent to shear strains being zero)
lead to the following set of kinematic relations (for details,
see Ref. 22):

_ 4z
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. I:(64R4 — 16R2h2)<\lj‘v<g + Wigg + Wioe V,e>:|

R
1(Wye = V) | W
2 20 26 W . — U
+2<R+z> +(R+z)2(w’8 K @
g, =0 4
4z3 o
Yxo = R+z U, + Z‘I’x,e - _3—}1_2(W’x8 +w 2x6 + \I,X-B)
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s P+ w0y = 7 + 2(= )] (7)

2. First Order and Classical Theories

The Kinematic relations corresponding to the first order
shear deformation theory are as follows (for details, see Ref.
22):

£, =10, +z¥, . + i(W,) + W,.w°,,
- W+, + 2¥,,+ - w v)?
fw "Rtz 0 2 TR ¥ z)

wo, -
+ u (W,e — v)]

R+ z

g, =0
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1 _
R + z [(uae + zq’x.o
+ (W, + W)W + W — V)] + 7, +2¥,,

Yxo =

782 = \I,y +

Rt (W, + W0 — ¥ — 2¥) ®

The corresponding “classical theory” kinematic relations are
given below. They correspond to Sanders’ type? of kinematic
relations with moderate rotations about in-plane axes and
negligible rotations about the normal:

eXX = 17",\’ + %(th)z + w’xwow - Z(WL?X + WO’XX)

z -
ﬁ (W00 +Whoo = Vi)

1
Eop = El:w + Ve —

1 w?
— (s _ T\2 38 fonn v
+ 2R (W’B V) + R (Wae v)]
1 7 kvl 0 W 0 kY]
Yxe = ﬁ [usﬂ + (Wix +w ,x)(W’e + w 0 V)

— - Z -
- Z(W,xe + w09x9)] + vV, - § (W’xe + WO’xe - vax)

€22 = Y20 = Yax = 0 (9)

B. Constitutive Equations

The equations relating the stresses to the strains for a lamina
of a laminate, in terms of structural axes, x, y, z, parameters
are given by the following:

Ox _Q_n _Q_]Z 213 0 0 _Q_16 Exx
) le sz _Q_23 0 0 226 €o9
o _ | On On O _0 0 Qs |)e. (10)
Tox 0 0 0 Qu Qs 0 Ye:
Oy _0 _0 0 Qs Oss 0 Vxz
Oxo Qs Qo 0 36 0 0 Qesd \7so

where the “bar” stiffnesses are given in terms of the ortho-
tropic stiffnesses, Q;;, through the usual transformation equa-
tions (see Ref. 24). Moreover, the orthotropic stiffnesses in
terms of the engmeermg constants, E;, v;, and G; (i, ] = 1,
2, 3) may also be found in Ref. 24. For the present work, the
simpler form suggested in Ref. 16 is employed in relating the
orthotropic stiffnesses to the engineering constants.

C. Governing Equations

Use of the principle of the stationary value of the total
potential yields the equilibrium equations and associated
boundary conditions. Only those corresponding to the higher
order theory are shown herein:

due to 8u
RNxxx + Mxxx xOB = 0 (11)
due to 6v

A, A,

_Nao.o+A K8”+RA

L89.9

— Pgg(W,g + Wy — V) — RN,, . —

RA2 LAt A,
e
Kxe X A] 'x6.x RA1

Mte‘x

Qxf).x

2RA, A, + 3A,

N&z Ax Maz Al K

24, _
- R, S+ Lo: = Npo(W,, +0°,) =0 (12)

due to éw
4R
3h2 XX, XX - 3h2 QXX XX
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- R[Nxx(w7x +w 7x)]?x + K’Kso.ee
1
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1

where A,

= —p,(R + W2) — p{R — h/2) for the case of

lateral pressure, and p, is the pressure on the outer surface

and p, on the inner:

due to 8V,
4R 4
—RMxx.x + %Lxx,x - Kxx,x + EI?QXX,X - MxB.B
4 4R 4
% 199+RNxz—Fsz+sz_EEsz:0 (14)
due to 87,
RA A
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1 1
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A 2R?A,
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R + 3A 2A
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A

where

4,

hi2
Py = f Too 4z (16)
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and
A, = K¥(16h°R? — 48R* — h%);
A; = 64R* — 16R%*h3?;
Ay = 2h* — 8R*h?

A, = 4h3(K2 — 4R?)
A, = 2(12R? - 3Kk

The corresponding boundary conditions are obtained from

the following set.

At 0 = 8, 6,, the following quantities are prescribed:

EITHER
N,
Ny — %Keo - RA_ASIL""
- %Km - RLASI Lgyy + Poo(W,e + W05 — V)
+ N,o(W,, + w°,) + N,, + % M,,
1
+ A, + 34, 213A3 K, + %Laz
M= oL
My + R—AAI—ZKM + i_?L‘”
%Kog + RA_A31L9”

At x = 0, L, the following quantities are prescribed:

EITHER
RN, + M_ + 8RN,
RA

RNxO + Mxﬂ - A_z KXB
1
A, + A, A, _
- =222 - =20, - &RN
Al x@ RAl st 2 xy

4R 4
3l * 3

RA A, + A, 4
- = Kxo,o - <_2_3 - —>Lx8,8

QXX,X + (RNXX + MXX)(W’X + WO’X)

A, A, 32
——A3Q +N‘(w + W%, — ¥) + RN,
RA] x6.6 x8 28 ’6 xz
4R 4 RA,
h? sz + sz - 2 L’xz - Al Kxo.x
A, £ 4, 4 A,
( Al 3h2> on,.v RAI st.x
4R 4
RM, - — - =
xx 342 Lxx + Kxx 342 Qxx
RA R(A, + A)) A
RM,, + |1 2 e R
x6 ( + A] )KXH + AI L;e + A1 on

4R 4
- 352 Lxx - % Qxx

OR

ov

¥y

6W;9

OR
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where 8, = 0, 8, = 0 for lateral pressure, 6, = 1, §, = 0 for
axial compression, 8, = 1, 8, = 0 for hydrostatic pressure,
8, = 0, 8, = 1 for shear.

At the corners: (x = 0,0 = 6,),(x = L, 0 =6,), (x =0,
6 = 6,), (x = L, 6 = 6,), the following quantities are
prescribed:

EITHER OR
RA, A, + A, 4 4, -
A] Kxe + ( A1 3h2 x8 RAI on BW

D. Bucl.ling Equations

Once the equilibrium equations and the related boundary
conditions are derived, the next step is to proceed with the
derivation of the buckling equations. This work will eventually
specialize to the case of configurations free of initial geometric
imperfections and having symmetric laminate construction.
These two conditions create a geometry that possesses a mo-
mentless prebuckling state and bifurcational buckling from
this state to a bent (buckled) state is possible. The pertur-
bation technique (Refs. 25-27) can then be applied to pro-
duce the buckling equations and the related boundary con-
ditions. Buckling equations are presented for the case of
pressure and/or axial compression.

1. Prebuckiing State

As the pressure and the axial compression loads are applied
statically, a membrane primary state exists. The primary state
is characterized by M,, = M,, = M, = 0. The primary state
solution is found to be the following:
wo = C

70 = Ax, VO =0,

YO =0, YO =0 a7

where the constants A and C are given by:
A = [K(RT,, + AA,) — K, To,)[A(RT, + AAL)
— T(RA;; + Byy)]
C=[ALK, = (RA,; + B)K\JIAL(RT,, + AA )
— T,(RA,;, + B))] (18)

where A;, B;, T, etc. are shell stiffness parameters defined
below, p, and p; denote normal tractions (pressures) on the
outer and inner shell surfaces, respectively, and N, denotes

the uniform compressive stress resultant:

hi2 hi2

Ry=| OfR+2)72dz T;=]| QOR+2)7"dz

ij _h

hi2 hi2

= 0. -3 o= ) 0. -2
W, o QR +2)7%dz 1T, n O,(R + z)"%2zdz

hi2

AA; = o O(R + 2)7'zdz
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= f AR+ z) 122 dz
DD, = f OAR + 2)7'2% dz
hi2 _
EE, = f QAR + 2)7'z* dz
hi2

h/2

AAA, =

i

O/R + z)~%2%dz

~h/2

hi/2
BBB; = J:m O, R + Z)2z°dz

hi2

DDD, = | TR +2)72* dz (19)

2. Buckling State

Once the prebuckling state solution is known, and the per-
turbation technique is applied, the buckling equations can be
derived, by assuming that we can pass from the primary to
the bent state through extremely small additional parameters
(dlsplacements stresses, stress resultants, etc.) so that lineari-
zation is p0551ble

If weletu, v, w, ¥,, ¥, and their derivatives be the small
perturbations, and Ny, M;, K;, L;, Q;, and Py, be the cor-
responding perturbed quantities, the buckling equations are:

RNxx\.\' + Mxx,x + Nx9.0 = 0 (20)
A, A,
_Neo.e + = A Koos + 5 RA Leo.e
1

- (leA + RQ_2C)(W,9 - V) - RNxe.x - Mxe.x

RA, A, + A, A,

= - + —=
A] x0,x + A[ Lxﬂ‘x RAl Qxe,x
2RA, A, + 34,

N(iz A] oz A[ Kez

2A
—ga Lo = Pu(Aid + ToC) = 0 (1)

1
4R 4 _
- g_h—zL.\'x.xx - -371—2Qxx.xx - Rw’xx(AllA + TlZC)

A, _

+ A_Kse.ee + Ngg — W, (B;,A + AA,C)
1

A RA, _ _
+ RA3 Lgges + A, = Keg0— (Wro — V)

A, + A, 4)
- x0.x0

2 22 + —
X (T,A + R,C) ( A EYe L

A
+ 2 QxG.xG_ (2W’x€ - V’x)(AléA + Tzsc)
RA,

4R L4
— . —_— - + — . —_—
RNAX.X M.X-‘X hz KX‘ X h’! LX X

26=0 (22
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4R 4
—RMXX X + 3h2 LXX x - KXI.X + ﬁ QXX,X
4 4R
- Mx99 + 5 3h Lxeg + RIVZ - ﬁsz
4
+ MXZ - ﬁ LXZ = O (23)
RA A
_Moe.s - A—lz Keo,a - A_? Lee.o - RMxe.x
R\, - R(A, + Ay)
(1 + Al )Kxﬂx Al LXB,X
A, 2R?A,
A1 Qxe.x + RNOZ + A] Mez
R(A, + 3A 24,
+ —(—2——3)1{62 + ==L, =0 (24)
A, A, :

The associated boundary conditions are obtained from the set
below.

At 9 = 6,, 6,, the following quantities are zero:

EITHER OR
N, o
Ny — -2—?1(80 - RA—A31 Lge &
A Ay L
A —~ Koo — RA, —=—Lyoo + (T1,A + RpOYW, +7)
W, (AA + T,C) + N,, + 2§A2 M,,
1
+ 4, + 34, ZI3A3 K,, + 12& L,. 5w
M, — %Lm v,
M, + RAAZ Koo + i: Lo v,
i—jKeg + RAK Ly W,

At x = 0, L, the following quantities are zero:

EITHER OR
RN, + M., 5u
RN, + M, - 22k,
4,
A, + A, A, _
_ = oV
A[ LxB RAl Qxe
4R
Sﬁ Lxx,x 3ha Qxx x 7x[(RA11 + Bll)A
RA,
+ (RT + AARC] = “£2 Ko
A, + A, 4 A
< A1 3h2>Lx9.9 RA st,e
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+ (AwA + ToC)W,o — 7) + RN, — %’23 K.
4 RA,
+ sz - h2 sz Al KxB,x
A, + A 4 A, —
< A, 3/’!2) . RA, Oro.x ow
4R 4
RMy ~ 35 L + Koo = 35 O ov,
2
RM,, + (1 + R AZ)Km
4,
R(A, + 4y 4,
————————l + —
+ Al on A] on 6"1,),
4R 4 —
- 342 Lxx - 32 Qxx BW,X

At the corners: (x = 0,6 =6,), x =L, 0=20,),(x =0,
6 =26,),(x=0L,8 =8,), the following quantities are zero:

EITHER OR

RA, A+ A, 4 A, _
2275 L, + = 5

A] Kxﬂ + ( A] 3h2 x6 RA] Qxﬂ w

where the small additional integrated stresses are still defined
by Egs. (16) and are related to the kinematics by:

N, = A% + Bkl + D k2, + E k3, + Ripky?
+ Tokoo' + Apgd + Bkl + Dik%, + Tkt
+ AY + Bikls + DigkZ, + Eik3,
Ngo = A8 + Bkl + Dk2, + EkE, + Ryokgs®
+ Tpko' + Apedy + Bpkly + Dkl + Tockes!
+ Ayl + Bagkly + DyckZ, + Ejki,
Ny, = Tkt + Ayys, + Bukl, + Dy k3, + AusyS, + Dysks,
N, = Tysk,' + Ays¥y, + Buskl, + Dk, + Assy, + Dssk2,
N, = Al + Bkl + Digk2, + E k3, + Rk’
+ Toskos' + Asel + Boskby + Dokde + Tekis!
+ AY2e + Bgkly + DeekZ, + Egk3,
Py = T,e8 + AA LKL + BB k2, + DD K2, + Wooks?
+ Rykop' + T8 + AALKL, + BByok3,
+ Rogkiy' + TogYoo + AAsgkly + BBogk?, + DD,ok2,
M., = B,&% + D,k + En k2 + F,k3, + TTypka?
+ AAkg' + Bpgls + Dkl + ELkS,
+ AA k' + Bl + Dikls + Ek2, + Fik3,
Mgy = B,s%, + Dkl + ELKE, + Fiok2, + TTykop?
+ AAykg' + Boyede + Dokl + Epkdy + AA k!

+ B26 x8 + D26ki9 + E26k§'9 + F26ki0

M,, = AAL kg + BuYs, + Dyukh, + Eki, + Byl + E k2,
M,, = AAki' + Bus¥y, + Duskl. + EuskG, + Bssyl, + EsskZ,
M., = B + Dkl + E k2, + Fiki, + TTokey”
+ AAjekas' + Baggy + Dackig + Enckig + AAgeky!
+ BV + Deskly + EgehZy + Fockiy
K =D, + E k. + F k2, + H k3, + AAA k?
+ BB kg + D.edy + Ekly + Fiok3, + BBgk!
+ DYl + Egkly + Fiek2y + H k2,
Koo = D€l + ELKL, + Fok2, + Hpki + AAA LK
+ BByko' + Doyedy + Ejnkly + Fiukis + BBogkz!
+ D,yY2s + Ejkly + Foek2, + Hyk2,
K,, = BB k' + DY), + ELkl, + F ks, + D,sy°, + Fisk2,
K,. = BBusks.' + Dus¥p. + Eyski. + Fuski + DssVe, + Fusk?,
K., = D&l + E kL, + F k2 + Hk3 + AAA kG
+ BBk + Dogede + Enckly + Fagk?y + BBgekrs!
+ D¢e¥le + Egckly + Foek2y + Hogkl,
L. = E; & + Fhki, + H k2 + 1,k3, + BBB k5®
+ DD k' + Eedy + Fiokhy + Hpk3, + DD kot
+ E Y + Fieklo + H K2, + 1,6k3,

~
g
|

= Fed + Fpokl, + Hyk2, + 1L,k3, + BBB,ky?
+ DDykg' + Epedy + Frokly + Hypkdy + DDk
+ Eyovie + Fykle + HykZy + Lek3,
L,"z = DD k;' + Eyuy), + Fukl, + H k2 + Ey°, + H K2,
L,.= DDk;.' + Esv), + Fyskl. + Hsk3, + Essy?, + Hsk2,
Lo = Eel, + Fiekly + H k2 + 1Kk, + BBBZGk(,},2
+ DDyeksy! + Eseedy + Fikle + Hygkls + DDysk!
+ Eeo¥le + Foskle + Hek2y + Lk,

Qu

Il

F.e + H\ kL, + 1,k2, + Ouk3, + DDDk;;?
+ EE ks + Fpedy + Hpkhy + 1,k% + EE k!
+ Fiey2 + Hkly + LikZ + O k3,

Q.o = Fied, + H kL + L2 + O,k3, + DDD,Jg;?
+ EE ko' + Faeeldy + Hogkly + Lkig + EE k!

+ FaoYio + Hokio + LookZy + Okl

where
E,gx = Uy k,\lq = \I,x.x zx - 0
K= - o (B + W kit = 0
XX 3h7 sxx x v) 86

RY (A, — - =
k(;Gl =W+ V,,— R\Py.n + —‘—-———(AhA A3)<‘I’_‘..9 + ——w’ee V,g)

1
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0 —
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A1 \Ify,e + R
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kég — ZAI 3 (q,y‘e + HBR B)
» — V;
K = f(“’ + —R—)
4R?
k):ﬂl = n?@ - R\Ifx,e +t 32 (WU:B + q’z,ﬂ)

3h?

Ygo = V’x + q’x.ﬂ 3h2 (W’XD + \I,x 0)

4
ki = 3h2 (Foro + Vi)
AZ( w’xﬂ _ V’x
2 Toxe  Tox
X6 3}'[2 (WixB + qfx 9) + A] \\Ilv,x + R
A W — V
3 — =3 + X6 | Tox
kxo A1<\ij,x R )
_ , 4
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R(A, — A Wy — V _ _
kit = — ( ZAl 3)<‘I/y + 9R ) + W,y — V + RY,

“ = R2(A2 - A3)< v)

K, = R(A, + A3)< v)

2A, Wy — V
2 .
KN <q’ TR )

III. Solution Methodology

A. Finite Length Cylinder

In this case, a separated solution is used in the form of a
double infinite trigonometric series. For the case of complete
fixation at the boundaries, the following form is used:

Ms

N
2 o Sinn@ + U cosnf)

y ( S(m +L2)77x> (25)
where
=1,2,3,4,5
m=20,....M and n:.Z,...,N
and

U =1, U,=7, Us;=w, u,=v, Us=Y,
The terms corresponding to # = 0 and 1 are not included
because they do not represent shell buckling modes.

The Galerkin procedure is employed in both directions,

and the result is 10(M + 1) set of homogeneous linear al-

gebraic equations in U,,,, and U}, where m = 0, 1,2, ...,
M, n = N (only one due to the orthogonality of sinn6 and
cosnf),andi = 1,2, ..., 5. For the trivial solution to exist,
the determinant of the coefficients of the above system must
be zero. The lowest eigenvalue represents the critical load.
This requires minimization with respect to N.

B. Infinite Length Cylinder

By assuming that the cylindrical shell is very long, the buck-
ling equations, Eqs. (20-24), reduce to a system of five linear
ordinary differential equations in the five dependent varia-
bles. Because the operators are linear, an equivalent set of
three, higher order, linear, ordinary, differential equations in
u, v, and w, denoted by U(y), V(y) and W(y) can be obtained.

The following solution satisfies the buckling equations as
well as the continuity conditions in the circumferential direc-
tion.

U= A,cosn8; V= B, cosnd; and W = C,sinng (26)
Substitution into the derived equivalent set of buckling equa-
tions yields three linear, homogeneous, algebraic equations
in A,, B,, and C,.

For a nontrivial solution to exist, the determinant of the
coefficients must vanish. The lowest eigenvalue represents the
critical condition. Minimization with respect to n is required.

In the derivation of the field equations, it is assumed that
the pressure load is constant-directional (see Ref. 27).

IV. Applications

Limited numerical results are presented herein for two load
cases: uniform axial compression and lateral pressure on a
very long cylinder. The material is Boron/Epoxy, and several
stacking sequences are used. Numerical results are obtained
by employing the CRAY-YMP machine of the Ohio State
Supercomputer Center in Columbus, Ohio. The geometric
and material properties are

R = 19.05 cm; R/h = 15, 10; L/R =1,5
, = 206.844 x 10° Pa; v, = 0.21

G, = 4.48162 x 10° Pa; E, = 18.6159 x 10° Pa

vis = 0.21; G,; = 4.48162 x 10° Pa

E;; = 18.6159 x 10° Pa; vy = 0.45

Gy = 2.55107 X 10° Pa

The stacking sequences are presented in Table 1. The first 14
stackings (1—14) use 0-deg and 90-deg plies (orthotropic shells).

Table 1 Stacking sequences used

Stacking Stacking
Code no. sequence Code no. sequence
1 [0.], 14 [902/0,],
2 [05/90°], 15 [455/ —45°],
3 [0°/90°/0°], 16 {45°/ —45%],
4 [0°/905], 17 [ —45°/45°/ — 45°];
5 [90°/03], 18 [ —455/45°,
6 [90°/0°/90°], 19 [ —455/459],
7 [905/0°], 20 [455/ —455],
8 [903], 21 [45°7 — 45°/45° — 45°],
9 [05/903], 22 [45°/ — 455/45°],
10 [0°/90°/0°/90°], 23 [30%/ — 60°],
11 [0°/905/0°], 24 [605/ —30°],
12 [90°/05/90°], 25 [305/ —602]
13 [90°/0°/90°/0°], 26 {605/~ 303],
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Table 2 Critical axial compression in (n/m)10~¢wave number (boron/epoxy; R/h = 15)

L/R =1 LR =5

Stacking FOSD FOSD

code CL FOSD W/CF HOSD CL FOSD W/CF HOSD
1 82.66/3 53.76/3 33.62/3 34.50/3 12.52/3 12.71/3 12.56/3 12.45/3
3 66.64/3 35.46/3 29.86/3 32.40/3 15.77/3 14.98/3 14.77/3 14.76/3
6 32.83/3 23.41/3 21.81/4 21.40/4 15.11/3 14.01/3 13.78/3 13.72/3
8 14.71/3 13.82/3 13.34/3 13.22/3 11.38/3 10.67/3 10.54/3 10.54/3
15 28.41/3 18.92/2 17.65/2 17.33/2 14.50/2 12.76/2 12.49/2 12.41/2
16 33.76/2 21.61/2 19.99/2 19.45/2 17.45/2 14.93/2 14.53/2 14.38/2
17 36.56/2 23.42/2 21.63/2 21.23/2 20.66/2 17.06/2 16.48/2 16.12/2
18 28.41/3 18.92/2 17.65/2 17.33/2 14.50/72 12.76/2 12.49/2 12.41/2
23 57.63/2 28.44/2 25.5272 24.30/2 12.03/3 10.66/3 10.38/3 10.12/3
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The next eight (15-22) use =45-deg plies, while the last four
(23-26) use *30-deg and +60-deg plies. All laminates are
symmetric. In order to achieve different R/A ratios, the radius
is kept constant and the thickness is varied. The number of
plies shown in Table 1 represents the smallest number of plies
employed. As the total thickness increases, the number of
plies increases accordingly.

A. Uniform Axial Compression

Results are presented in Table 2 for nine stacking sequences,
for one thickness (R/A = 15) and two lengths (L/R = 1 and
5). Critical loads corresponding to classical theory (CL), first
order shear deformable theory (FOSD), first order shear de-
formable theory with a shear correction factor of 5/6 (FOSD-
W/CF) and higher order shear deformable theory (HOSD)
are presented. Among the important observations, one can
list the following:

1) Classical theory yields results that overestimate the buck-
ling strength of the laminated shells, especially for the shorter
length.

2) First order shear deformable theory with the correction
factor of 5/6 yields extremely accurate predictions, if one as-
sumes that the higher order theory results are indeed accurate.

3) The strongest configuration for L/R = 1 corresponds to
(03), and the weakest to (903),.

4) The strongest configuration for L/R = 5 corresponds to
(—45°45°/ — 45°), while the weakest corresponds to (305/ — 60°),
with (903),, a close second.

B. Lateral Pressure (L/R — )

Results for this load case are presented in Table 3 for all
26 stacking sequences and two thicknesses (R/A = 15 and
R/h = 10). Critical pressures corresponding to first order
shear deformable theory with a shear correction factor of 5/6
are only presented for R/h = 10. Among the most important
observations for this load case one can list the following:

1) Classical theory yields critical pressures that are higher
than those corresponding to the higher order theory. For
R/h = 15, the maximum difference is approximately 10%,
whereas for R/h = 10, it becomes 20%.

2) The effect of stacking on the critical pressure is inde-
pendent of shell theory. The strongest configuration corre-
sponds to (90%),. For this configuration the bending stiffness
in the hoop direction is the largest and the results are not
surprising. Because of this, stacking sequence 1, (03),, is the
weakest configuration.

3) First-order shear deformable theory yields critical pres-
sures that are very close to those corresponding to the higher
order theory. The difference is smaller than 1% for most
stacking sequences.

Calculations show that the buckling pressures are very high.
A question then arises, as to whether collapse failure is caused
by strength or by buckling. In checking the thicker geometry
(R/h = 10), it was established that failure will occur by buck-

Table 3 Critical pressure in Pa X 10~ (boron/epoxy)

Rih = 10
Stacking Rk = FOSD
code CL FOSD HOSD CL FOSD W/CF HOSD
1 1,847 1,771 1,765 6274 5791 5,791 5,791
2 2,537 2,433 2426 8618 7,997 7,929 7,929
3 6,687 6274 6,191 22,614 20,063 19,788 19,512
4 7,377 6,943 6,881 24,959 22270 21,994 21,925
5 14,982 13,527 13,286 50,607 41,506 40,403 39,920
6 15,671 14,286 14,196 52,952 44,264 43230 43,644
7 19,822 17,788 17,354 66,948 54,193 52,607 51,573
8 20,512 18,567 18,333 69,223 57,088 55,572 55,641
9 4,185 3,978 3957 14,134 12,962 12,824 12,824
10 7,680 7,198 7,136 25924 23,028 22,683 22,614
11 9,432 8,770 8,639 31,853 27,786 27,300 26,339
12 12,934 11,852 11,810 43,644 36,956 36,128 36,680
13 14,679 13,362 13,203 49,573 41,299 40,334 40,334
14 18,181 16,313 15,899 61,363 49,642 48,194 47,160
15 6,226 5,805 5,743 21,029 18,478 18,202 17,995
16 6,226 5,839 5,791 21,029 18,684 18.478 18,340
17 6,226 5,853 5,826 21,029 18,753 18,547 18,615
18 6,226 5,805 5,743 21,029 18,478 18,202 17,995
19 6,226 5,819 5,750 21,029 18,547 18,271 18,064
20 6,226 5,819 5,750 21,029 18,547 18271 18,064
21 6,226 5,853 5,819 21,029 18,753 18,547 18,547
22 6,226 5,860 5,833 21,029 18,822 18,615 18,615
23 3,144 2999 2985 10,617 9,790 9,721 9,652
24 11,790 10,776 10,576 39,782 33,508 32,750 32,198
25 3,964 3,771 3,750 13,444 12272 12203 12,134
26 10,960 10,025 9,838 37,025 31,164 30,475 29,992

ling before first ply failure by strength is recorded. The strength
values are taken from Table 5.1 of Ref. 28.
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